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1. Introduction, survey of known results

The object of this paper are crystallographic reflection groups W on hyperbolic n-
space H™. Crystallographic means that W is a discrete group of isometries having
a fundamental domain of finite volume. Reflection group means that W is generated
by reflections in hyperplanes. If we choose the Klein model for A", that is, identify H™
with one of the two connected components of the set of vectors in R®*! of norm —1

with respect to the quadratic form —z2 + 2% 4 ... 22,

H" = {($0’~.,,$n)€|:‘!n+1|x021, —$g+3::‘1,+...+$121:_1},

the isometry group is the subgroup O;t (R} of the orthogonal group O, 1(R) of the
above form stabilizing H™ (i.e., preserving the condition zy > 1). A discrete subgroup
I'cC O:,I(R) has a fundamental domain of finite volume on A" if and only if the quotient
space O |(R)/W has finite volume (with respect to the essentially unique O:’ 1(R)-
invariant measure). In particular this holds for all arithmetic subgroups I' C O:,I(R)

(see below).

The reflections in hyperplanes in this model are just ordinary linear reflections in hy-
perplanes v+ C R™t! such that the vector v has positive norm, or equivalently, its
orthogonal complement vl is again indefinite, necessarily of signature (n — 1,1), as a
quadratic space. In the sequel, “reflection” will always mean a reflection of this partic-
ular kind. The reflection s, belonging to v is given by the same well known formula
as in the Euclidean case:

2(vje)

sy(z) =z — WU,

where (z|y) is the scalar product —zoyy + z1y1 + - + T ¥n.

The study of crystallographic hyperbolic reflection groups has been initiated in the 60s
mainly by V. 5. Makarov [Mal, Ma2] and by E. B. Vinberg. (In the sequel, we shall omit
the specification “crystallographic”.) Vinberg’s early papers [Vil, Vi2] contain basic
facts about the description of such groups by Gram matrices and “Coxeter-Vinberg”-

diagrams and give a lot of examples.

A major problem which is not completely solved so far is the question of a full clas-
sification of hyperbolic reflection groups. In the present paper, we shall deal with the
crucial case of the classification in dimension n = 3. (The case n = 2 is of a different

nature, and the cases n > 4 will presumably rely on the case n = 3.)

In small dimensions, the classification problem is much more difficult than its “classical”
counterpart of reflection groups on the sphere or on Euclidean space, a full treatment of

which has been given by Coxeter already more than 50 years ago. The classification of




finite (= spherical) and Euclidean reflection groups is in terms of the well known spher-
ical and Euclidean (affine) Coxeter diagrams A, B, = C,, Dy, ... JAp,Bry Coy Do, ...
which play an important role in the theory of semisimple Lie groups and algebraic
groups as well as in other areas. The main qualitative behaviour of this classification of

spherical and Euclidean reflection groups can be summarized as follows:

— There are infinite series of such groups (contained in each other, with increasing

dimension) but only few groups of a fixed dimension.

— The combinatorial structure of a fundamental domain is very simple: for irreducible

groups 1t 1s necessarily a simplex, in general a product of simplices.

In the hyperbolic case, the behavior of reflection groups is essentially different. A basic
theorem of Vinberg [Vi6] and Prokhorov [Pr], based on a method by Nikulin [Ni2], says
that for large dimension there exist no such groups at all. In particular, there are no
infinite series. On the other hand, for small n there exist lots of groups, and the
fundamental domain which combinatorially still is an ordinary convex polytope, can
be very complicated. By this we mean in particular that the number of faces, i.e. the
number of generators of the group can be very large compared to the dimension. For
n = 3, it is not even known whether the number of (conjugacy classes of)} hyperbolic

reflection groups is finite.

An interesting subclass where certain finiteness results do hold are the arithmetic hy-
perbolic reflection groups. A discrete subgroup I' C O, 1(R) is called arithmetic if it
is commensurable to some integral orthogonal group O(f, ok ), where og is the ring of
integers of an algebraic number field and f is a quadratic form over og. (Commen-
surable means that the intersection has finite index in both groups.) The condition on
K and f for O(f,ox) to be a discrete subgroup of O, 1(R) is that K CR be totally
real, f of signature (n,1), and of (positive or negative) definite for all embeddings
o # id of K into R. The arithmetic reflection groups on hyperbolic space were studied
for the first time in [Vil].

A useful technical remark is that if an arithmetic group I' = W is generated by reflections
(in the above sense), then it is actually contained in (not only commensurable to) an
orthogonal group O( fw, Kw), where the form fy and the field Ky are derived from
the Gram matrix or Coxeter-Vinberg-diagram of W [Vil, Ni2]. The form f = fw
has the property that the canonical normal subgroup W(f) C O(f) generated by all
reflections s, preserving f (i.e. leaving invariant the lattice C R®*! defining f) has
finite index. Indeed, the given group W is necessarily contained in W( f). Conversely,
if f is such that the above signature condition holds and W(f) is of finite index in
O(f), then W(f) is an arithmetic hyperbolic reflection group. Here we have to recall
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that an arithmetic group always has a fundamental domain of finite volume.

We see that a slightly weaker version of the classification problem for arithmetic hyper-

bolic reflection groups can be stated as follows:

— For which integral quadratic forms f over a totally real number field K subject to
the above signature conditions does the reflection subgroup W(f) C O(f) have finite

index?

Following Vinberg [Vi4], we shall call such a form reflective or a reflection form.

Stated in this way, the problem is certainly interesting in its own right, and thus in-
dependent from the theory of hyperbolic reflection groups. Indeed, there exist a great
deal of research on the question of generation by reflections of orthogonal groups over
rings, starting with the classical theorem of Witt that an orthogonal group over a field is
always generated by reflections. For large classes of local and more generally semilocal
rings, including rings of p-adic integers (complete discrete valuation rings) the answer
is “in general” positive. Using Kneser's Strong Approximation Theorem, these results
can be globalized to quadratic forms over number fields of real rank > 2, i.e. the sum
of the Witt indices for the real places, is at least 2. See Kneser [Kn4] for a conclusive

treatment which brings down the number of exceptions to a minimum.

These results do not carry over to orthogonal groups of real rank 1. Indeed, a basic
theorem by Nikulin [Ni3, Theorem 5.2.1] states that for fixed degree of the ground field
K, the number of (similarity classes of) of reflection forms f is finite. If n > 10, the
restriction on the ground field is not needed {Ni3, § 4, and Appendix]. For n < 10, it
1s an open question whether or not there are infinitely many ground fields. Nikulin’s
proof is geometrical; starting from known combinatorial properties of the fundamental
polyhedron it gives bounds on the entries of the Gram matrix and the conjugates of
generating elements of K. The arithmetricity only enters at the end of the proof. It is
important to recognize that Nikulin’s work does not give a method of determining the
finitely many forms in question. The list of candidates that comes from Nikulin’s proof

1s very large, and for a given form f there seems to be no a priori criterion to decide

whether [O(f) : W(f)] is finite or infinite.

Here, we should mention that Nikulin’s interest in the problem originally came from
complex algebraic geometry, where in connection with K3-surfaces the problem of de-
termining all forms f such that G(f) is generated by reflectiond s, such that (vjv) =2
occurs., This problem had been solved (for dimension n + 1 > 5) by Nikulin in another
paper [Nil]; the proof uses the connection with algebraic surfaces and highly nontrivial

facts about these. Qur present problem is more general, and from the point of view of
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hyperbolic geometry or of the theory of integral quadratic forms, there is no reason to

restrict to reflections on vectors of norm 2.

The principal message of this paper is that the theory of integral quadratic forms gives
the tools for the classification of arithmetic hyperbolic reflection groups, rather than

the general theory of hyperbolic reflection groups, or their relationship to other areas.

So far, a full classification of reflective forms has only been given for unimodular forms
over Z, Z[(1 + v/5)/2], and Z[v/2] [Vi4, Mey, Vi-Ka, Bul, Bu2]. That is, the maximal
dimensions for which these forms are reflective have been determined. The results on
“Bianchi groups” in [Sv] are of a similar nature, however they only apply to a rather

restricted class of groups which in particular are not maximal.

The only other results on the classification of hyperbolic reflection groups are under very
restrictive assumptions on the combinatorial type of the fundamental domain: if this is
a simplex or a simplicial prism, the classification in terms of the Gram matrices is known
[La, Ko, Ka]. Using Vinberg’s criteria [Vil] one can then a posteriori easily determine
which of these groups W are arithmetic, and one can also embed them canonically into
orthogonal groups O(fw, 0k, ) (see above). This at least gives some more exarmples
(in addition to the unimodular cases) also in small dimensions, in particular for n = 3.
Other examples are contained in [Vil, Vi2, Menl, Sa] and in {E-G-M)], where forms f; =
rozy + 22 + dz? are studied. In addition to those forms given in [E-G-M], Mennicke has
some unpublished examples of values d such that f; is reflective and the fundamental

domain of f; is combinatorially complicated.

The contents of this paper is as follows.
We have two main assumptions:
— The dimension of our hyperbolic space is equal to three: n = 3.

— We are only considering groups W such that H"/W is not compact.

The second assumption means that we need only to consider forms f such that

— f 1is defined over Z and isotropic over Z.
Indeed, by a well known and fundamental result of Borel and Harish-Chandra [Bo-Ha)
or Mostow and Tamagawa [M-T], O(f, ok ) is cocompact in O(f,R) if and only if f is
isotropic, and if K # Q, then there are real embeddings of K for which f is definite,

so f is necessarily anisotropic.

Most reflection forms known by now are isotropic, therefore it is natural to begin a full
classification with this case. Moreover, in the isotropic case, the combinatorial structure
can be more complicated and more interesting than in the anisotropic case. This comes

from the presence of “infinite vertices” or “cusps” in the non-compact case. Whereas
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in an ordinary vertex always 3 edges meet, in a cusp 3 or 4 edges may meet, the second

case belonging to a stabilizer with diagram

On the other hand, anisotropic reflective quadratic forms do exist as well, and their
classification is equally desirable. For small ground fields, ie. K = Q, or K real
quadratic of small discriminant, a classification seems to be within reach along the
general lines of the present paper. We shall come back to this question in future work.
The general problem with unrestricted ground field at present seems to be intractable,

as was remarked above.

Because the list of isotropic reflection forms is very large, it seems reasonable to intro-

duce one further natural condition:
— The group W{f) is maximal among groups of this kind.

Inside the class of reflection group W(f), the restriction to maximal groups is only
technical. The classification of arbitrary isotropic reflection forms appears to be possible
by the general methods of this paper. For the class of all arithmetic reflection groups,
the maximality assumption is essential. We do not know how to classify all reflection
subgroups of a given maximal group. We do not even know whether or not one of the
maximal groups determined in this paper contains reflection subgroups of arbitrarily

large finite index.

Concerning the maximality condition, we also want to make the following remark: If
one has some classification of reflection groups in terms of Gram matrices or Coxeter-
Vinberg-Diagrams (for instance the above mentioned groups with fundamental domain
a simplex or a prisma), it is usually not at all clear which groups embed into which,
in particular, which are maximal. Therefore, even if one is finally interested in the full
classification of reflection forms and not only into those ones with maximal groups, it
is in any case desirable to know which groups are maximal, and more generally to have

arithmetic criteria which groups can be embedded into each other.

We now can formulate the main result of this paper: In § 3, we give a full set of
representatives for the non-cocompact maximal reflection groups on H?, or equivalently,
for the similarity classes of isotropic reflective quadratic forms f over Z such that W(f)
is maximal. It turns out that there are precisely 49 such groups, and for each of these,

there is a more or less canonical quadratic form f.

The main combinatorial properties of the 49 fundamental domains are collected in the

Table at the end of § 2. The maximum number of faces is 20, the maximum number
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of vertices (including cusps) is 34, and the maximum number of edges of one face is 12.
In an Appendix we give, for each of the 49 forms f, the list of fundamental roots and
thus the full information about the group W(f). For the reader’s convenience, we also

tabulate some derived data (Gram matrices, vertices, cusps).

In § 2, we collect various preparatory propositions. We derive consequences from the
maximality assumption, and we work out some general observations on reflective forms
due to E. B. Vinberg and J. Mennicke. This Section ends with a finite list of 324 forms
which contains representatives for all reflective forms. Using Vinberg’s well known
algorithm [Vi4, cf. N-S, C-S, chap. 28] it is now easy to show that 51 of these forms are
reflective, and to derive the Coxeter-Vinberg diagram of W(f). Of course, this is done
with the aid of a computer. It turns out that the 51 forms give rise to 49 different groups.
The main problem now is to prove that f is not reflective in the remaining cases. This
is achieved by two Propositions 3.1 and 3.2, together with Vinberg’s algorithm. Our
criterion is explicitely stated in Proposition 3.3. Although in the end only well known
methods from the arithmetic theory of quadratic forms and from the theory of Coxeter
groups are used, this criterion seems to be new. The idea is to distinguish W{f) from
O*(f) by comparing the actions on the reflections s,, for certain specified values f(v).
After Proposition 3.3 and the preparatory results of § 2, the proof of the Main Theorem

is straightforward — modulo extensive use of a computer.

In this paper, a good knowledge of integral quadratic forms and of reflection groups is
presupposed. Results which are contained for instance in [OM, Kn2] or in [Bou, Vil],

respectively, are usually used without explicit reference.

Acknowledgements. I am indebted to F. Grunewald, U. Rehmann, and R. Schulze-
Pillot for helpful discussions. My thanks also go to Sylvia Himpel who wrote a computer

program which checks the condition stated in Proposition 2.2.
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2. Necessary conditions for reflective forms

In this Section, we collect various necessary conditions on a quadratic lattice L of
signature (3, 1), isotropic over Q, in order that the reflection subgroup W{(L) € O*(L)
be a maximal arithmetic reflection group on hyperbolic 3-space H?.

We start by deriving consequences from the maximality assumption. The resulting
Proposition deals with the full orthogonal group O(L), the reflections do not play a réle

at the moment.

Proposition 2.1. If O(L) is maximal, then we may assume that L has the shape
L = H1%[a,b,¢], where H denotes the hyperbolic plane (Z%,zy), *[a,b,c| the binary
lattice (2%, s(ax® + bzy + cy?)), the discriminant —Dy = —(dac — #?) of [a,b,c] is
a fundamental discriminant (discriminant of a quadratic field), and s is a squarefree

natural number relatively prime to Dy.

Proof. By iterated application of the substitution L, — p_l(L(p) N pQL?;)) + L),
Ly = Z,L, for the prime divisors p of detL, we may assume that locally L is “p-
elementary”, i.e. pLi) C L, or equivalently, L has only unimodular and p-modular
Jordan components, for all p. See e.g. [Wal; Wa2; Vi6, § 4] for details. We shall now
deal with a fixed prime number and shall write again L instead of Ly HL=Lyl?L,
is & Jordan decomposition, then PL¥ = (L, Lp~'PL,) = PLg.Lp_1P2L1 > PLolL4.
That is, we may interchange Ly and L,, in particular we may assume dimL; < dimL,.
We shall now show that we can achieve that the hyperbolic plane H embeds into L.
Once this is proved locally, it holds globally, since L has only one class in its genus.
First consider the case p # 2. If dimLy > 3, it is clear that H embeds into Ly. If
dimLy = dimL; = 2, then one of Ly, L, is isotropic, since Ly L?L; = L is isotropic.
After possibly interchanging Ly and L, we may assume that Ly = H.

Now we consider the case p = 2. There are various cases according to Ly, L, are even
or odd. In some cases, we have to pass from L to the even sublattice L= {z € L|
f(z) € Z,}. This may introduce a onedimensional 4-modular Jordan component, but
this has been admitted in the statement of the Proposition, since Dy = 0(8) is possible.
We only give the proof in the most difficult cases dimL¢ = dimL, = 2. If Ly, L, are
both even, then the same proof as for p # 2 applies. If one of them is even, the other is

odd, then we may assume that L, is even and L, is odd, that is, L, is a diagonal form

{a,b), a,bodd. If Ly # H, then L = Ay, the A;-root-lattice with matrix (} ). We now
show, using the general rules on the non-uniqueness of 2-adic Jordan decompositions

that, given a, b odd, there exist @', ¥ such that

Ag1%{a, by = HL{d', b).
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In the notation of [C-S], Chap.15, this reads

—258.2 ~ 14+20¢’.2

wheret =a+b, ¢! =d' +¥V, e = (L), &' = (“;b‘). It is proved for instance by using

Theorem 10 of loc. cit. that this holds for a' := a, ¥’ := b+ 4 (mod 8). If finally Ly, L,

are both odd, then we may pass to the even sublattice L, which is of the shape 2 M, for
M odd, unimodular.

Once it 1s proved that L splits off H, the precise shape as given in the proposition comes

from the particular Jordan structure. O

In view of our final goal, it has to be shown that the groups given in Proposition 2.1 are
actually maximal, and one has to know when two such groups are conjugate. We shall
not give a proof here, but restrict ourselves to some remarks. First of all, is a fact that
the lattices L as described in the Proposition have a group which is locally everywhere
maximal, that is, O(L(,)) is maximal for all p. Indeed, for p # 2 it is probably well
known that a local orthogonal group is maximal if and only if the lattice is p-elementary.
For p = 2, this is not quite true since the even sublattice ]\‘;I may have a larger group
but still be 2-elementary. We do not know of any “handy” reference which states what
happens precisely, but we hope to come back to this point in future work. An answer to
the local maximality question in a general setting is given by the theory of Bruhat-Tits
buildings where the maximal compact subgroups of any reductive group are described
~ in terms of an affine root system. In particular, it must be possible to derive the result
stated above from the paper [B-T]; ¢f. also [Ti3]. Concerning the question of global
maximality, that is, maximality of the arithmetic group O(L) itself, the reader may
consult [Bo, Section 4] for the case of groups acting on H*, and [Rol, Ro2] for some
general theory.

Concerning the question of conjugacy for the groups described in Proposition 2.1, there
is one situation where it actually happens that two nonisometric forms give rise to
conjugate groups. Consider lattices H1*[a, b, c], HLs [@’,8",c'] as above, and assume
that s = s’ is such that Dy = 4ac — b* = 4a’'c’ — b2, and —Dy is a square mod p, resp.
mod 8 if p = 2, for all prime divisors p|s. Assume furthermore that *[a, b, ¢] is isometric
to [a’, b, '] over the rationals, that is, *[a, b, c] represents rationally at least one number
represented by [a', b, ¢']. We claim that HL®[a,b,¢c] &2 *HL[d', ¥, c']. It is sufficient to see
this locally everywhere. For p { s, we obviously have H ;E *H, and *|a, b, c] iE (@', b, ']
by the above assumption. If pls, then HL1*[qa,b,¢] z% PfJ_““H I% [a',b',c']J_il’;I, by the

r P
assumption on Dy mod p. If we dualize the lattice L = *H.L[a’, ¥, ¢'] with respect to

all p|s, that is, definc a new lattice N by NZ, = (LZ,)* if p|s, NZ, = LZ, if p 1 s,
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we have NV = “-1HJ.[a' b, ¢'], since [of, b, ¢'] is unimodular with respect to the primes
p dividing s. Thus O(HL%[a,b,c]) =2 O(L) = O(N) = O(*N) = O(HL®*[a',¥,']), as

claimed.

From now on, we may assume that our lattices L are of the type described in Proposition
2.1, and we come back to the question of generation by reflections. We collect necessary
conditions on L for W(L) to be of finite index in O(L).

The first and in a sense most essential condition on reflective quadratic forms is the fol-
lowing basic result of Vinberg’s concerning positive definite orthogonal direct summands
of reflective forms. We recall that a root of a quadratic lattice L is a primitive vector
v such that the reflection s, maps L into itself. A definite lattice is called reflective if
the sublattice generated by the roots (the root lattice of L) has finite index in L.

Lemma 1 (Vinberg [Vi3]). In order that a lattice HL M, H the hyperbolic plane, M a

positive definite lattice, be reflective, a necessary condition is that M is reflective. [

Since a lattice of the shape HLAM has only one class in its genus, Vinberg’s lemma can
be sharpened to the statement that every form in the genus genM is reflective if HLAM

is reflective.

We shall now work out this criterion in the case of a binary M = [a, b, ] as above. Let
[a,b,¢] be reduced, that is b)) < a < cand b > 0if a = |b| or a = ¢. We claim that

[a, b, c] is reflective if and only if it is of one of the following shapes:

[2,0,¢]
[a,a,c]

[a3 b’ a']

Indeed, if this is not the case, then the minimum a of [a, b, ] is obtained only at £(1,0),
the second minimum ¢ is only attained at 4(0,1), and now it follows from b # 0 that
—td is the only nontrivial isometry. If, conversely, [a,b, ] is as above, then the set of

roots of [a, ), ] is easily seen to be the following:

[@,0,¢], a# ¢ : £(1,0),,(£0,1),

l[a,a,¢], a#c : £(1,0)0,£(—1,2)40—0

la,b,a], a #b : £(1,1)2045, £(—1,1)24s

[a,0, q] P 4(1, 0)ay £(0,1)4, (1, 1)2a, (=1, 1)24

[a, a, a] : (1, 0)a, 200, e, £(=1, 2)3a, (2, ~1)sa, £(1, sas £(~1, 1)a.

(The subscript indicates the value of the quadratic form.)
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In view of the above results on the maximality of orthogonal groups O(H.L[a, b, c]), we
shall now assume that the binary form has the shape *[a, b, ¢], where —Dy = b* —4dac is

a field discriminant, s is squarefree and ged(s, Dy) = 1.

The following Proposition had been obtained for the special of “Bianchi groups” (that
is, the binary form [a, b,¢c] is in the principal genus) independently (and prior to our
result) by E. B. Vinberg [ViT].

Proposition 2.2. Let —Dj be the discriminant of an imaginary quadratic field, denote
by Cp, the class group of Q(v/—Dg). If H1%[a,b,c] is reflective, for some binary form

[a, b, ] of discriminant — Dy, and some s relatively prime to D, then Cp, = {1}.

Before proving this proposition, we have to recall a few very classical facts about the
relation between binary quadratic forms and ideal classes in quadratic fields, about

genera of binary forms and about ambiguous forms. See e. g. [B-S, Za.

Let Dy be as above, K = Q(+/—Dy). If a C K is a fractional ideal, then the mapping

a—1

a v+ Naf/Na =: Fy(«a)

where N denotes the norm, is a (primitive) quadratic form of discriminant —D. Two
ideals a and b give rise to equivalent forms if and only if they lie in the same ideal class.
Here, equivalence of forms (M, f) and (M', f') means “proper equivalence”, that is, the
modules M, M' are oriented and an isometry is supposed to be orientation preserving, i.
e. to have determinant +1 with respect to positively oriented bases. A basis («, #) of an
ideal is positively oriented if Re(8/a) > 0. Every form of discriminant — Dy is isometric
to such a norm form of an ideal. An ideal class [a] resp. the corresponding quadratic
form is called ambiguous if it is invariant under the nontrivial automorphism of K, or
equivalently, [a]* = [1] in the class group C. This holds if and only if the corresponding
form [a, b, ¢] is properly equivalent to [a, —b,c]. Since [a, b,c]is assumed tobe [b| < a < ¢,
and b > 0 if a = |b| or a = ¢, this can only hold if b = 0 or @ = |b} or @ = ¢. Thus we

have proved the following Lemma.
Lemma 2. A binary form is reflective if and only if it is ambiguous. g

Proof of Proposition 2.2: We may restrict ourselves to the case s = 1. If F,,
[a]® = [1] is an ambiguous form such that the whole genus Fy,, [b] € [a]?C of F, consists
of ambiguous forms, then [b]? = [1] for all such b, and necessarily C* = {[1]}. O

The next Lemma deals with the stabilizer O%(L,v) in O%(L) of a root v. It acts on the
orthogonal complement Rv' which can be thought of as a hyperbolic plane. Here, it is

only supposed that L is of signature (3,1).
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Lemma 3 (Mennicke [E-G-M, § 11]). If L is reflective and v is a root of L, then the
Fuchsian group SO*(L,v) is of genus zero. d

For the class of lattices L considered in this Section, some of the groups SO¥(L,v)

occuring in Lemma 3 are now exhibited explicitly.

Lemma 4. If L = H1%[a,b, c] is as above, D = s%(4ac — b?), and furthermore [a, b, ¢ is

reflective, then there exists a root v of L and a squarefree integer m such that

SO*(L,v) = SOT(HL(2m)), m > VD/2.

Proof: First of all, we claim that SO (v, L) can be identified with the group in three
variables SO* (vt N L). That is, if ¢ € SO (v N L) is given, the extension to all of
L @R defined by ¢v = v maps L into itself. From the fact that v is a root, it readily
follows that the sublattice ZvL(v+ N L) is of index 1 or 2 in L. If the index is 1, our
claim is obvious. If the index is 2, the assertion is readily checked by ad-hoc-arguments,

using the particular structure of L.

Consider roots of the form (0,0, z,y), where (z,y) is a root of the binary lattice [a, b, ¢],
and let us call these roots “standard roots” for short. Recall the above list of the roots
(z,y) for the various kinds [a, 0, ¢] etc. of binary reflective forms. This list immediately
shows that we may take for v a short standard root. Only in the case [a,0, a] we agree
to take for v a long standard root, f(v) = 2a. Then v+ = H1Zv', where in all cases v’
is a long standard root. Thus, SO*(v,L) is a desired, and m = f(v'). For the forms
*la,0,¢] we have D = 4s2%ac, that is m = s¢ > v/D/2, as claimed. In the other cases,

the estimate is even better. O

The next Lemma, together with the two previous Lemmata, gives the explicity finiteness
result which is the basis of the precise determination of all reflective L, subject to our

standard conditions.

Lemma 5. The Fuchsian group SOT(H.L{2m}), m squarefree, has genus zero precisely
for the values m = 1,2,5,6,7,10,11,13,14,15,17,19, 21, 22, 23, 26, 29, 30, 31, 33, 34, 35,
38,39,41,42,46,47,51, 55,59, 62, 66,69, 70,71, 78,87,94, 95,105,110, 119.

Sketch of Proof: Helling in [He| gives a formula g(m) for the genus in question which
fist of all allows to check the result within any reasonable finite range like m < 1000.
By the shape of this formula, one has an estimate of the form g(m) > C;-m —C3-h(m),

where h(m) is the class number of Q(1/—m), for certain explicit positive constants

C1,C,. Substituting an estimate A(m) < C.m* for some ¢ strictly between % and 1,




and an explicit C., one arrives at moderate bounds on the possible m with g(m) = 0.
The possibility of giving an explicit bound on the values m had already been stated in
[E-G-M] (for prime numbers m). I am indebted to the second author of [E-G-M)] for

clarifying this point to me. O

If we combine all results of this Section, we see that any maximal non-cocompact arith-

metic reflection group on H* is among the groups W(L), where L is as follows:

L=HL%[a,b,¢]

| <a<e

b=0ora=corb=c

— Dg = b* — 4ac a fundamental discriminant

D = s*(4ac — b*) < 56644,

C* = 1, where C is the class group of Q(v/—Dy),
f(v1), ..., f(vs) is one of the numbers in Lemma 5,
where [a;, b;,¢i], i = 1,...,7 runs over the genus of

[a, b, ¢] = [a1,b1,c1], and v; is a long root of *[a;, bi, ci].

It is explained for instance in [B-S, Chap.3, § 8, Exerc.25; Za, § 12, p. 118 {.] how
to verify the condition C* = 1. Using this, it is lengthy but straightforward to write a
computer program which produces all H.L*[a, b, c] subject to the above conditions. It

turns out that there are precisely 324 of them.

To each of these forms, Vinberg’s algorithm for finding fundamental roots is applied.
We briefly recall this procedure from [Vi4, § 3] and give the relevant formulae in our
particular case.
— Fix a point pp € H? having a stabilizer in W(L) of rank 3. We take py =
(-1,1,0,0).
~ Fix a basis v),v3,v3 of the root system of the positive definite lattice py N L.
(That is, the reflections s, sy,, Sy, generate the stabilizer of py in W(ZL)). We
take v; = (—1,-1,0,0), and vy, vz of the form (0,0, zq,y2), (0,0,z3,y3), where
(z2,y2), (z3,ya) are fundamental roots of *[a, b, ¢] {see above).
— If vy,...,vx are already chosen, for some & > 3, then vy is a root v subject to
the following conditions:
(1) (v |pe) = 0.
(2) (v|v)<0fori=1,...,k
(3) (v | po)?/f(v) is minimal among all roots v satisfying (1) and (2).
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The function (v | po)?/f(v) minimizes the distance between the point py and the plane

vt

For a root v, we denote by H} the halfspace {p € H* | (v | p) > 0}. If v,..., v

k

are as above, we set Py := [| H ,',’: It is readily derived from the Gram matrix of the
i=1

vectors vy,...,v; whether P; has finite volume; the condition is that P, including its

cusps (vertices at infinity)} combinatorially is a compact convex polytype (cf. [Vind|
and the Appendix of this paper). If this is the case, for some k, then a root v = vy
subject to (1), (2), (3) does not exist (the algorithm stops), and P is a fundamental
domain for W(L). This happens (for various values of k between 4 and 20) for the
49 forms listed in the Theorem of Section 3 below, and also for the forms H12[2,1,1]
and HL?[2,2,3] which, however, have the same orthogonal group as H1%[1,1,4] and
H13[1,0,5] respectively (see above). In the remaining cases, the number k¥ = k¢ of

roots v1,..., v as above, and in addition satisfying the bound

(vi | p)?/f(vi) <C

numerically increases with €. This suggests that k¢ tends to infinity with C' which is
equivalent to W(L) being of infinite index in O7(L). In the next Section, we give a

criterion which allows to actually prove this.
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3. The Main Theorem

We immediately proceed to the statement of our main result. We recall the notation H
for the hyperbolic plane over Z, and *[a, b, ¢] for the binary form s(az? + bzy + cy?) on
72

Theorem. The groups W(L), for the following 49 quadratic lattices L = H1?%[a, b, ]
are a complete set of representatives for the maximal arithmetic reflection groups with

noncompact fundamental domain on hyperbolic 3-space:

[1,1,1]  [1,0,1] [1,1,2] [1,0,2] [1,1,3]
2[1,1,1]  [1,1,4] [2 1,2] [1,1, 5] [1,0,5]
[2,2,3] [1,0,6] [2,0,3] ’[1,1,2]  [3,1,3]
31,0,1] [1,1,10] [1,0,10] [2,0,35] 21,1, 3
[1,0,13] [1,0,14]  2%[1,1,4] ®[1,1,2] [1,0,17]
3[1,0,2) 5[1,1,1] [1,0,21] [3,0,7] (5,4, 5]
511,0,1] [1,0,30] [2,0,15] [3,0,10] [5,0,6]
(1,0,33] 2[3,1,3] 7[1,1,1] [3,0,14] [6,0,7]
1,0,5) "[1,0,1]  °®°[1,0,2] °[1,1,1] 3[1,0,10]
32,0,5) '*[1,1,1] *[1,1,1] 13[1,0,1]

More detailed information about the 49 groups is contained in the Table given below,

and in the Appendix.

In view of the results of § 2, we make the following assumptions for the rest of this

section:

L =(Z*, f) is a quadratic lattice of the shape H1?%[a, b, ] such that —Dy = —(b%—4ac) <

0 is a field discriminant, ged(Dy,s) = 1, [a,b,¢] is reduced, and b=0o0ra=bora =c.

The following Proposition deals with the orbits of the orthogonal group O*(L) on the
roots of fixed length, or equivalently, with the conjugacy classes in O (L) of reflections
with a fixed spinor norm. In the context of this paper, this Proposition is just used
as a Lemma which will allow us to “distinguish” W(L) from O%(L). However, the
determination of conjugacy classes of reflections is a general result on the group O (L)

which is of some obvious independent interest.

Under the general theme of “Witt’s Theorem over rings”, there is a lot of literature on
the question when two vectors of the same length in a quadratic module are conjugate
under the orthogonal group, or more general, when an isometry between two submodules
can be extended. The papers [Hsl, Hs2, Ja, Kn3, So, Tr] are only an incomplete

set of references. Of course, the proof of our Proposition 3.1 relies on such general
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results. The only “concrete” result known to us, giving an explicit determination of the
conjugacy classes (under certain conditions), is Theorem 11.3 in [E-G-M]. Our result
1s a generalization of that Theorem. Mennicke’s proof is unpublished, and different
from our proof. Apparently, such “concrete” results can only be expected under special
hypotheses, for instance that the lattices are p-elementary for all primes p, or that the

vectors in question have particular properties like beeing roots.

Proposition 3.1. If Dj is odd or if 8 Dy and f(v) is even, then any two roots v, v'
such that f(v) = f(v') > 0 are conjugate under O+ (L). In any case, there are at most

two conjugacy classes of roots v for fixed f(v) > 0.

Proof: One first proves the result locally, i.e. over the p-adic integers Z,, for all p. If
p # 2, it is easily seen that a root v splits off, L = Zv_LvL. The result follows from the
well known uniqueness of orthogonal complements over Z,. Now consider our lattice
over £2. In addition to the value ¢ = f(v), also the number e, defined by (v|L} = 2°+Z,
is an invariant of the conjugacy class. Since L has 2-modular Jordan components at
most for ¢ = 0,1,2, and roots v are primitive by definition, we have ¢, = 0,1, 2, and
ey, = 2 can only occur if Dy = 0(8). Recall furthermore that, since v is a root, 2¢v € Z,q,

that is, the 2-exponent of ¢ is at most e,.
We now distinguish 3 cases.

Case 1. Dy odd. Then L is even unimodular if s is odd, or L has a Jordan decomposition
Ly L 2L, with Lg,L; even binary unimodular. One then deduces for instance from
Kneser’s criterion in {Kn2, §2] that v and v" are conjugate if v,v' are roots such that
ey = €. Thus, in order to prove that there is only one orbit, we have to show that e,
is determined by the value ¢ = f(v). If ¢ is even, it is clear by the general observations
above that e, = 1. Conversely, if e, = 1, then v € ?L; for an appropriately chosen
Jordan decomposition L = Ly 1 2L, and since L, is an even lattice for any such Jordan
decomposition, necessarily ¢ = f(v) is even. Thus, if ¢ is odd, then e, = 0 is indeed

determined by gq.
Case 2. Do = 0(4), Dy # 0(8). Then L has a Jordan decomposition L = Ly 1 2L,

with Ly even unimodular, L; odd unimodular, Lg, L; binary. Again fix a value ¢ = f(v).
By the proof given before, there is only one orbit of vectors with e, = 0 (necessarily
q odd). If e, = 1, then one may assume » € 2L;. It now follows from [Tr, Section 3]
or [Kn2, §2] that the only additional invariant for conjugacy is the ideal (v|f}1), where
E}l C L; is the sublattice of even vectors, and the ideal can be 2Z; or 4Z, (with respect

to the original form). The vectors with (v]Li) = 4Z; are the called characteristic vectors
in [T¥]. If L is arbitrary, and ¢m;, the smallest index such that L has a 2i=»-modular

component, similarly 7,,,,, then this criterion holds for any vector v such that v € L;
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for ¢ = tmin OT ¢ = i;mq, for an appropriately chosen Jordan decomposition L =1 L;.
(In the terminology of [Tr], ¢mn r€SP. imay is the only “critical index” of v.) The ideal
to be considered is of course 217, In order to show that there is actually only one
orbit with e, = 1 and given ¢, we have to show that (v|1°31) is determined by ¢. But it
is immediately seen that ('ul.E1) = 27, for g odd, and (v[il) = 47, for q even.

Case 3. Dy = 0(8). Then L has a Jordan decomposition Ly 1 %2L; 1 %L, with
Ly, L1, Ly unimodular, L, L; one-dimensional. For vectors with e, = 0, there is only
one orbit for fixed ¢, as before. This also holds if ¢, = 1 and ¢ is odd, but the proof is
different. Indeed, in this case Z,v is a possible Jordan constituent 2L;, and there is no
general theorem which guarantees the uniqueness of the orthogonal complement Ly L
*Ls. In this case consider M :=27(L N 22L#) + L which has a Jordan decomposition
M = M, 1 ?M;, My unimodular, threedimensional, M; = L,, and has the same
orthogonal group (O(M) C O(L) follows from L = M = {z e M | q(z) € Z}).
Therefore, we can replace L by M, and the previous proof applies. Notice that v is

automatically characteristic, since M; is onedimensional.

If ¢ is even and e, = 2, then Z3v is a possible * Ly, and precisely the same proof applies

inside the original L.

It remains to show that there is only one orbit for ¢ even, ¢, = 1. In this case, there
is no Jordan decomposition such that v is contained in one single component, and the

above criterion does not apply. Again, we replace L by M and notice that v/2 € M, and
Q
v/2 is automatically non-characteristic in M, since (v/2|M) = (v/2|L) = 2711, = Z,.

For the global case, one uses the fact that v+ is indefinite, of rank 3, and therefore Strong
Approximation applies. For details, see e.g. [Ja, So|. The condition on the existence
of enough spinor norms is fullfilled since v+ has at least one Jordan component of rank

> 2. O

Notice that in Case 2, Dy/4 may be any odd squarefree number. The assumption
that —Dy is a fundamental discriminant, i.e. Dg/4 = 1(4) is not needed. In particular,
Proposition 3.1 covers all forms 2923 + 23+ pz2, p a prime number, treated by Mennicke
in [E-G-M, Theorem 11.3], and proves that the list of roots given there is indeed a
complete set of representatives. For a given L of the type considered in this paper, it is
always easy to write down representatives for all orbits, and therefore Proposition 3.1

can be considered as a full classification of the roots of the forms in question.

In the next proposition, we speak about fundamental roots. We therefore have to fix a
generating set (possibly infinite) of W(L) considered as a Coxeter group. By Vinberg’s
algorithm, we can make this concrete by fixing some “point” in H3, that is, a vector
po € 7% such that f(pp) < 0.
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Proposition 3.2. Each of the following conditions on the lattice L and the value
g implies that two distinct fundamental roots v,v’ s.th. f(v) = f(v') = ¢ are never

conjugate under W(L):

i) Do # 3, and there exists a prime number p # 2 such that p|g, p|Do.
ii) There exists a prime number p # 2 such that plg, p|s, and (%‘l) # 1.
i) 2{gq, 2}Dy.
iv) Dy =3, ¢ # s(3)
v) Dy =4, there exists a prime number p # 2 such that p | ¢, p= 45 (12).

Proof: Denote by R the set of fundamental roots v of L, and by (my v )swer the
Coxeter matrix. From Tits’ theorem about the word problem in Coxeter groups [Ti2]
it follows that v,v' are conjugate under W(L) only if they are in the same connected
component in the graph on R with edges {{v,v'} | m,,» odd}. Since W{(L) C GL4(Z),
the only possible odd value is m,, = 3. If this holds, then f(v) = f(v') = —(v[v') = ¢;
that is, v, v’ generate a sublattice isomorphic to the scaled root lattice Y45. Furthermore,

Zv + Zv' C ¢L#, since v,v' are roots.

Now assume that one of the conditions i) — v) is satisfied, and furthermore assume p # 3,
resp. 3 1 ¢ in Case iv). The proof will now follow from the fact that an embedding
14, < LN gL¥ does not exist, already over Z, (p = 2 in Case iii), p = 3 in Case
iv)). For instance, in Case i) or iii), the sublattice Zv + Zv' ~ 94, would have to be
a p-Jordan component of LZ,. But in Case i) this component is one-dimensional since
we have assumed p|Dg and thus p t s, p? ¥ D. In Case iii), the 2-Jordan component is
an odd lattice, whereas 94, is even. In Case ii), the quadratic congruence comes from

locking at the determinant of the p-Jordan component.

To treat also the case p = 3, and to rule out the possibility 3|g in Case iv), we have to
use an additional argument. Indeed, the proof given so far also shows that myy = 6 is
impossible, but this value actually occurs for certain forms in Cases i), ii), p = 3, and
Case 1v), 3|g. To prove that m,, # 3 also in these remaining cases, one shows that
v—v' € 3gL¥, that is, v —v'also is a root. This now easily implies that one of the roots

v,v' is not fundamental, a contradiction. 0

The following Proposition, which is an easy consequence of the last two Propositions,
allows to prove “in practice” the infiniteness of [O(L) : W(L)] for lattices L where the
criteria of § 2 do not apply.

Proposition 3.3. Suppose that L and ¢ satisfy one of the conditions stated in Propo-
sition 3.2. Let o(L, ¢) = 1,2 be the number of orbits of O (L) on roots v with f(v) = q.
If f has more than 4-0(L, ¢) fundamental roots v with f(v) = ¢, then W(L) is of infinite
index in O7(L).
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Proof. The stabilizer A = A(L) in O(L) of any fundamental domain for W(L) is a
complement to W(L) in OF(L). If A is finite, it obviously follows from Proposition 3.2
that the number of fundmental roots with f(v) = ¢ is at most |4| - o(L, ¢). The bound
|A] < 4 follows from the following Proposition, taking into account the fact that a finite
A is isomorphic to a subgroup of SLj3(Z). 0

Once Vinberg’s algorithm is implemented on a computer for our particular forms H L
*la,b,¢], it is now a tedious, but straightforward verification that [O(L) : W(L)] = oo
in all those 324 — (49 4 2) cases of the list derived in § 2 where Vinberg’s algorithm does
not stop with a fundamental domain of finite volume. In fact, there are only very few
cases, like [1,1,9], D = 35, where a nontrivial computational effort is needed. Usually,
the fundamental domain is easily seen to be finite, or its number of faces within fixed

distance C from the base point turns to infinity very rapidly with C.

We conclude this paper by a general result on rotations of finite order in integral orthog-
onal groups of signature (3,1). This seems to be of some geometrical and group theo-
retical interest, independently of our particular theme of classifying reflective lattices.
The following Proposition has been suggested by an unpublished result of Mennicke’s
[Men2], who treated rotations of order 3 for lattices L = HL[1,0,d], d squarefree. In
the course of the proof of our main Theorem, the result is only used as a technical
Lemma which improves the trivial bound |A] < 24 (the group A as defined in the proof
of Proposition 3.3) to |A] < 4, thereby leading to substantial numerical simplifications
in the application of Proposition 3.3.

Proposition 3.4. Any rotation of order 3 or 4 in O%(L) is a product of two reflections

in O*(L). Here, L can be any integral lattice of signature (3,1).

Proof: The reader may consult [Qu] and some of the papers quoted there for the general
theory behind the following proof. Let ¢ € SOY(L) be of order 3. Let w be a third
root of unity, K = Q(w), R = Z[w]. The vectorspace V = QL has a decomposition
V=V, 8V,, where V; = ker(p—1), V,, = ker(p? +¢+1), and V,, is a vectorspace over
K by letting w act like . The constituents V3, V,, are automatically orthogonal to each
other. The scalar product on V, is of the form troh, where tr : K — Q is the trace, and
h:V, xV, — K is a hermitian form. Since the signature on the whole of V is (3,1),
and @ # 1, necessarily dimV; = dimgV,, = 2. Consider the embedding I C L, LL,,
where Ly, L, denote the projections onto V3, V,,,, and the related embedding of the rings

Z[p] 2 Z[z]/(z* - 1) = Z x R, ¢ (1,w).

Since ¢ — 1 +— (0,w — 1) and 1 + ¢ + % > (3,0), the image contains 37 x 7R, where

® =w-—1isaprimeelement in R, R/nR & Z/3Z = F;. From this it follows immediately
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that 3Ly 1w L, C L. The factor module L/(3L; 1xL,) =: L is of dimension 3 or 2 over
F., since Ly /3L, 1L, /=L, has dimension 3 over F3, and the projection of L onto the

first factor is surjective. Therefore, L is of the form
L={(z,y) € L1 x R| {(z) + ey € 7R},

for some linear form £ : Ly — Z ~+ R, and some ¢ € R. The involution ¢ which is
defined as the identity on V;, and complex conjugation on V,, is an isometry of V, and
in fact ¢ = o o(ooy) is a representation of ¢ as a product of two +-reflections. The only
thing left to show is that ¢ maps L into itself. This is clear from the above description

of L, since complex conjugation acts trivially on R/7R.

If ¢ is of order 4, then, after possibly replacing ¢ by —y, we may assume that —1 is not

an eigenvalue of . Now exactly the same proof as above applies, replacing z* — 1 by
(z—1)(z%+1), w by i = v/=1, and 3 by 2 at various places, e.g. R/7R = F,, 2L, 1xL; C
L. O
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Table. The fundamental polytopes of the maximal reflection groups W(L).

Notation

L=HL1%[a,b,c]= (2% f), where f = zoz; + s{az? + bzaxs + cz?)

D = s?(4ac — b*) the discriminant

Dy = 4ac — b? the fundamental discriminant

v = number of vertices including cusps

e = number of edges

r = number of faces = number of fundamental roots

r; = number of faces with : vertices

¢ = number of cusps
i = index [GOT (L) : W(f)], GO(L) the group of similarities of L

= order of the automorphism group of the fundamental polytope

No. ®la,b,e] D Dy v e r r3 r4 Trs 716 T7 Tg To Tig Tiz € &
1 [1,1,1)] 3 3 4 6 4 4 11
2 [1,01]] ¢4 4 4 6 4 4 11
3 1,20 7 7 7 11 6 2 4 1 2
4 [1,02) 8 8 5 8 5 4 1 11
5. [1,1,3] 11 11 7 11 6 2 4 12
6 1,1,1] 12 3 4 6 4 4 11
7 [1,1,4] 15 15 10 16 8 4 4 2 4
8 [2,1,2] 15 15 7 11 6 2 4 1 2
9. [1,15) 19 19 9 14 7 2 3 2 1 2
10. [1,05] 20 20 7 11 6 2 4 11
11. [2,2,3] 20 20 7 11 6 2 4 1 2
12. [1,06] 24 24 7 11 6 2 4 11
13. 2,03 24 24 7 11 6 3 2 1 11
14. 2%[1,1,2] 28 7 10 16 8 4 4 2 2
15. [3,1,3) 35 35 11 17 8 6 2 1 2
16, 3[1,0,1 36 4 6 9 5 2 3 11
7. [1,1,10} 39 39 14 22 10 4 2 2 2 2 2
18. [1,0,10] 40 40 12 19 9 4 2 3 2 2
19. [2,0,5] 40 40 4 7 1 5 1 11
20. ?[1,1,3] 44 11 14 7 2 3 2 1 2
21.  [1,0,13] 52 52 14 22 10 4 4 2 2 1
22. [1,0,14] 56 56 12 19 9 3 2 3 1 2 1
23. 2%[1,1,4] 60 15 14 22 10 2 4 2 2 2 2




No. *laybye] D Dy v e r rs ry r5 rg¢ 7 Ts Tg Tig Tiz € 1
24.  %[1,1,2] 63 7 14 22 10 4 4 2 2 2
25. [1,0,17) 68 68 19 30 13 6 2 2 2 1 3 2
26. 3[1,0,2] 72 8 10 16 8 2 4 2 2 2
27, °[1,1,1] 7 3 8 12 6 6 2 2
28. [1,0,21] 84 84 16 25 11 4 2 2 1 2 2
29. 30,7 84 84 11 17 8 2 3 2 1 11
30. [5,4,5] 84 84 17 26 11 4 6 1 1
31, ®%1,0,1] 100 4 8 12 6 6 2 2
32. [1,0,30) 120 120 17 26 11 3 2 3 2 1 1
33. [2,0,15] 120 120 22 34 14 2 4 2 6 2
34. [3,0,10] 120 120 20 31 13 2 6 2 2 1 2
35. [5,0,6] 120 120 22 34 14 8 2 2 2
36. [1,0,33] 132 132 24 37 15 4 4 2 2 1 2
37.  ?[3,1,3] 140 35 17 26 11 4 6 1
38.  7[1,1,1] 147 3 8 12 6 6 2 2
39. [3,0,14] 168 168 30 46 18 4 2 2 2
40. [6,0,7] 168 168 30 46 18 6 1 1 2 2
41.  3[1,0,5] 180 20 23 36 15 2 6 7 3
42,  7{1,0,1} 196 4 14 21 9 3 6 2 2
43.  5[1,0,2] 200 8 20 31 13 8 5 2
4. 1°[1,1,1) 300 3 10 15 7 5 2 11
45. 3[1,0,10] 360 40 34 52 20 4 2 6 6 2 2
46.  3[2,0,5] 360 40 34 52 20 10 4 3 2 1 2
47.  13[1,1,1] 507 20 30 12 4 4 4 4
48. 1,1,1] 588 3 20 30 12 4 4 4 4 2
49. 15[1,0,1] 900 4 32 48 18 4 4 10 4
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